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Abstract In the real world, applications with very large state
and action spaces and unknown state transition probability,
classical reinforcement learning algorithms usually show poor
performance. One way to address the performance problem is
to approximate the policy or value function. Fuzzy rule-based
systems are amongst the well-known function approximators.
This paper presents a Flexible Fuzzy Reinforcement Learning
algorithm, in which value function is approximated by a fuzzy
rule-based system. The proposed algorithm has a separate
module for tuning the structure of fuzzy rules. Moreover, the
parameters of the system are tuned during the learning phase.
Next, the proposed algorithm is applied to the problem of
inventory control in supply chains. In this problem, a fuzzy
agent (supplier) should determine the amount of orders for
each retailer based on their utility for supplier, by considering
its limited supply capacity. Finally, a simulation is performed
to show the capability of the proposed algorithm.
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1 Introduction
Machine-learning algorithms can be divided into three categories: unsupervised learning, supervised learning, and
reinforcement learning (RL) algorithms [1]. Unsupervised
and supervised learning algorithms have been frequently
studied during the last four decades. However, in recent
years, RL algorithms have emerged in the literature. RL
algorithms have been applied in many diverse areas of
problems including games [2], traffic light control [3],
scheduling [4], portfolio optimization [5, 6], inventory control
[7], maintenance management [8], supply chain management
[9, 10], and supplier selection [11, 12].
Traditionally, RL algorithms have been developed to
solve the Markov Decision Problem (MDP), to find an
optimal action policy for an agent with interaction with
an evolving environment. In Fig. 1, the classical model
of MDP is displayed. In this figure, at each time step, an
agent observes the state of the environment, selects an
action, and the environment changes its state according
to some probability distribution that depends only on
perceived state and selected action. The agent receives
a real-valued reward. Its objective is to find a stationary
policy that maximizes expectation of either a discounted
sum of future rewards or the average reward per step
starting from any initial state, which are the most popular
optimization criteria [1].
Sutton and Barto [1] define four sub-elements in every
RL frameworks: a policy, a reward function, a value
function, and optionally a model of environment. Policy
is usually a probabilistic mapping from the agent’s
perception (state) to action. Action is a set of possible
choices, which the agent selects to respond the environment. State space and action space can be either discrete or
continuous.
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Fig. 1 The classic model of MDP [1]

Reward function defines the goal and maps each stateaction pair to a single number. Value function specifies what
is good in the long run. For a given policy, the expected future
reward starting from any state is also called the value of that
state under that policy.
In fact, the most important component of RL algorithms
is a method for efficiently estimating values. The learner or
decision maker is called the agent, and the things that the
agent interacts with (everything outside the agent), is called
the environment. There are three elementary solution methods to solve RL problems: dynamic programming (DP),
Monte Carlo Methods (MC), and Temporal-Difference
(TD) learning. TD learning methods, which are hybrid
methods between DP and MC, have some advantages over
DP and MC [1]. TD learning algorithm is a well-known
procedure that in its simplest form, known as TD(0), in each
time step, after selecting an action and receiving the reward
(cost), the error of approximating the value of state, known
as TD error is computed as follows [1]:
b ðstþ1 Þ  V
b ðst Þ
d t ¼ cos t ðst ; p ðst Þ; stþ1 Þ  ρt þ V

ð1Þ

and the value of the state, is iteratively changing according
to the following equation:
b ðst Þ
V

b ðst Þ þ a t d t
V

ð2Þ

b ðsÞ is the current approximawhere, αt is the learning rate, V
π
tion to V (s) when the policy π is being followed, and ρt is the
average cost of system, which is updated as:
ρt

ð1  at Þ  ρt þ at  cos t ðst ; p ðst Þ; stþ1 Þ

ð3Þ

In the real world, applications with very large state and
action spaces and unknown state transition probability, the
classical RL algorithms suffer from the curse of dimensionality and modeling [13]. A large state space presents two
major challenges: storage and generalization problems. In
storage problem, it is impractical to store the value function
(or optimal action) explicitly for each state. In generalization
problem, limited experience might not provide sufficient data
for each state. Both these issues are addressed by the Function
Approximation approach, which involves approximation of the
value function or policy function by functional approximators

with given structures and a manageable number of adjustable parameters [1]. The design of a function approximator with high capabilities of generalization and
computational efficiency has become a major focus in
the research field of reinforcement learning.
In the literature, there are many types of function approximators, such as neural networks and fuzzy rule-based systems [14–21]. However, in the problem of value function
approximation in RL, the use of fuzzy rule-based functions
have two main advantages over neural networks. The first
advantage is the transparency and interpretability of their rules
with linguistic terms versus the black box architecture of
neural networks. Moreover, since a fuzzy rule-based function
is a set of local functions (set of fuzzy rules), and each fuzzy
rule presents a significant activation in only a limited region of
the state space, then their local architecture avoid a phenomenon during the learning phase known as interference [22].
Interference takes place when the change of one state value in
a time step changes the values of other states, possibly in the
wrong direction. On the other hand, their main drawback is the
exponential increase in the number of rules as the number of
input variables increases.
There are several examples for RL algorithms in which a
fuzzy rule-based function approximates the value function
or policy function. It should be noted that all of existing
fuzzy RL algorithms use gradient descent method to tune
the parameters of fuzzy function. The main differences of
them are on the method of constructing fuzzy rules and the
place of fuzzy rules in the architecture of RL algorithms.
According to the architecture of RL algorithms, it is possible
to use fuzzy functions in value function, policy function
(action function) or both of them simultaneously. Typical
examples include approximate reasoning-based intelligent
control (ARIC) [14], Generalized ARIC (GARIC) [15],
reinforcement neural network-based fuzzy logic control system [16], and reinforcement learning strategy based on
fuzzy adaptive learning control network [17]. The developed structure by Berenji and Khedkar [15], known as
GARIC, is a combination of a fuzzy rule base for action
selection and a two layer neural network for action evaluation. Later, they modified and developed the basic model of
GARIC. They used fuzzy rule base for action evaluation,
rather than the neural network in GARIC [18].
In another work, Vengerov et al. [19] applied fuzzy RL
for value function approximation and applied it to the problem of power control in wireless transmitters. Vengerov in
[20] presents a general framework, which called as DRAFRL, for the problem of dynamic resource allocation among
multiple entities sharing a common set of resources. In this
framework, the consequent parameters of predetermined
fuzzy rules are tuned via gradient of TD error.
Although, fuzzy rule-based systems have been applied in
these RL algorithms, it is assumed that the structure of the
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fuzzy rule-based system has been defined with prior knowledge. Thus, during the learning phase, only the parameters
of the fuzzy system are optimized while the structure of the
function, including number of fuzzy rules and number of
fuzzy partitions is fixed. For example, Jouffe [23] designed
two fuzzy reinforcement learning methods such as fuzzy AC
learning and fuzzy Q learning based on dynamic planning
theory. These two methods merely can tune the parameters
of the consequent part of a fuzzy rule-based system by using
reinforcement signals received from the environment, while
the premise part of the fuzzy rules is fixed during the
learning process. As another example, Berenji and Vengerov
[24] present a convergent fuzzy actor critic RL algorithm,
called ACFRL, in which the actor is a fuzzy rule-based
system with fixed set of fuzzy rules and during the
learning phase, the parameters of the membership functions are tuned via gradient descent method. As another
example, Fazel Zarandi et al. [25] present the GRLFC
algorithm, which is in the category of fuzzy actor critic
algorithms. The distinct characteristic of their algorithm
is that it can perform well in vague situation with fuzzy
states. Similarly, their algorithm only tunes the parameters of fuzzy rules, while domain expert predetermines
the structure of fuzzy rules.
As a matter of fact, all of existing methods that use
gradient descent method can only tune the parameters of
the fuzzy rules (either premise or consequent parameters of
fuzzy rules), while the state space partition including number of fuzzy memberships and fuzzy rules are fixed during
the learning. There are many other examples of fuzzy RL
algorithms, in which the structure of a fuzzy rule-based
system is fixed and predetermined during the learning
period [26–28].
Based on this investigation, the main goal of this paper is
to present a fuzzy RL algorithm, in which both structure and
parameters of a fuzzy rule-based function are trained simultaneously to reach to the optimal value function of an agent.
According to above analysis, Table 1 compares the existing
and the proposed fuzzy RL algorithms.
The rest of the paper is organized as follows: Section 2
presents the proposed fuzzy RL algorithm in detail. In
Section 3, we apply the proposed algorithm to inventory
control problem in supply chains. Finally, the last section
presents some concluding remarks.

2 The proposed fuzzy-RL algorithm
In this section, we present the proposed fuzzy reinforcement
learning (FFRL) algorithm. Since in the proposed algorithm
the main focus is on the way of learning the optimal fuzzy
value function, we briefly discuss the architecture of fuzzy
rule-based functions, too.
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2.1 Fuzzy rule-based function
In the domain of reinforcement learning, the fuzzy rule-based
system is a function that assigns a single value to each state.
We consider multiple-input–single output (MISO) fuzzy rule
base, f :RK → R with Tagaki–Sugeno–Kang (TSK) inference
method [29].
A fuzzy rule i is a function fi that maps an input vector x
in RK into a scalar a in R:
Rule i : IF x1 is S1i and x2 is S2i and    and xk is Ski THEN a is ai

where, Sjk is the input label in rule i and ai is a tunable
coefficient. Each label is a membership function m:R → R
that maps its input into a degree to which the input belongs
to the fuzzy linguistic term, described by this label.
According to TSK method, final output of system is
determined as follows:
M
P

a ¼ f ðxÞ ¼

ai  wi ðxÞ

i¼1
M
P

ð4Þ
wi ðxÞ

i¼1
i

where, a is the recommended output of rule i and wi (s) is the

Q 
degree of firing of rule i computed as wi ðxÞ ¼ ki¼1 mfsij ðxÞ .
There are different types of fuzzy membership functions. However, because of the nature of Gradient Descent method in RL, we consider input variables have
Gaussian membership functions with the parameters σij
and Sji as follows:
0 
2 1
 sj  sij
B
C
mfsij ðsÞ ¼ exp@
ð5Þ
A
2  σij
Here, σij and Sji are tunable parameters of input membership
function.
According to [30], fuzzy system identification is divided into two main parts: structure identification and
parameter identification. The tasks related to the Structure identification of system are variable selection; state
partitioning, and rule generation and tasks that are related to
parameter identification of system are tuning of membership
function parameters of premise and consequent parts of fuzzy
rules.
As mentioned before, in the existing fuzzy RL algorithms, the structure of the fuzzy system is predetermined
and fixed and during the learning period only the parameters
of functions are tuned. However, in the proposed algorithm,
we provide an iterative procedure to change and tune some
parts of both structure and parameters of the fuzzy value
function.
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Table 1 comparison of the fuzzy RL algorithms using gradient descent method
RL Algorithms

ARIC [14]
GARIC [15–18]
Vengerov et al. [19]
DRA-FRL [20]
FACL [23]
FQL [23]
ACFRL [24]
GRLFC [25]
FFRL (the proposed algorithm)

Structure-learning

Parameter tuning

Variable
partitioning

Rule learning
(add or merge)

IF-part parameters

THEN-part
parameters

Inference operator
parameters

No
No
No
No
No
No
No
No
Yes

No
No
No
No
No
No
No
No
Yes

No
No
Yes
Yes
No
No
Yes
No
Yes

Yes
yes
Yes
No
Yes
Yes
Yes
Yes
Yes

No
No
No
No
No
No
No
No
No

2.2 The architecture of FFRL

2.3 FFRL learning algorithm

Figure 2 shows the architecture of the proposed RL algorithm.
It should be noted that the proposed architecture completely
matches with the general architecture of RL problem, depicted
in Fig. 1.
As shown in Fig. 2, the system consists of four elements: Fuzzy value function, Parameter learning module, Structure-learning module, and Greedy policy
function. In each time step, fuzzy value function, which
is a fuzzy rule-based system as described in Section 2.1,
perceives the state of system, and determines the value
of that state. Then, policy function, which is a fixed and
greedy function, suggests an action toward maximizing
the agent’s value. It should be noted that, in the proposed architecture, policy function could be determined
according to the case.
After receiving the cost (reward) of the selected action,
perceiving new state, and determining the TD error, parameter learning and structure-learning module update the fuzzy
value function. Structure-learning itself is divided into rule
generation and rule merging. In parameter learning step, all
of input and then-part parameters of fuzzy rules are optimized through gradient descent method.

The proposed RL algorithm follows the described procedure in TD learning. Both state and action spaces are
continuous and the time is discrete. A MISO [29] fuzzy
rule-based function is used to approximate the value
function, where action selection is done in a greedy
manner.
Before starting the algorithm, it is required that the
domain expert selects the appropriate state variables.
Then, it is sufficient to determine the initial fuzzy rules.
It should be noted that, since in the proposed algorithm
new rules could be generated, in this phase it is not
necessary to determine the exact structure of fuzzy rules.
For example, for two state variables, one can partition
each variable to two fuzzy variables and then initially
determine four fuzzy rules according to four possible
product space partitions. The initial output of the fuzzy
rules roughly is estimated according to the nature of
relations between each state variables and output variables. After this rule initialization, until reaching to a
predetermined stopping criterion (for example, until the
state values stop changing noticeably), according to
learning modules, in each time step, the algorithm checks

Fig. 2 The architecture
of FFRL
Fuzzy Value Function

State Value

Greedy Policy Function

Parameter Update
Structure Update

State Value

Structure Learning
Module

Parameter Learning
Module

System State

Cost of action (reward)

Environment

Action
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whether to add new rule or to merge two similar rules.
Then the parameters are tuned toward minimizing TD
error. The next section discusses learning modules of
algorithm with more details.
2.3.1 Structure-learning module
Structure-learning itself is divided into two tasks: new rule
generation, and rule merging.
New rule generation
&

If the coverage of existing fuzzy rules over the state
space is not sufficient (less than a predetermined threshold), it is possible to add a new fuzzy rule matched with
that partition.
For this aim, we define a simple heuristic criterion for
generation of new rule as follows:

&

If max ðDOFi ðxt ÞTG Þ, then generate a new fuzzy rule
i
with the following parameters:
Center of each new fuzzy label, Sknew is equal to the
perceived state in that dimension, xkt

–

Standard deviation of each new fuzzy label σnew
is
k
equal to initially predetermined standard deviations
regarding to the scale of universe of discourse in that
dimension.
The consequent parameters of new rule anew is equal to
aM where fx DOFi(xt) is the degree of firing of rule i when

Q 
the state of system is xt: DOFi ðxt Þ ¼ wi ðxt Þ ¼ ki¼1 mfsij ðxt Þ .

–

Moreover, TG is a threshold for generation of new rule.
Rule merging
During the learning iterations, new rule generation
and parameter tuning, it is possible to reach to a number
of similar fuzzy rules. Then, if the similarity of two or
more rules is greater than a threshold, it is possible to
merge them to a new rule to decrease the number of
fuzzy rules. Moreover, merging two or more similar
rules enhances the transparency of the fuzzy system.
Setnes et al. [31] discuss that when the fuzzy rules are
generated via clustering methods, it is necessary to
make fuzzy rule-based systems more transparent by
merging similar fuzzy rules. According to their approach, the decision for merging two or more rules to
a single rule is based on the degree of similarity between rules. Similarity of rules can be measured based
on similarity of fuzzy sets in the premise part of the
rules. Rule-based simplification through merging similar fuzzy sets has been discussed widely in the
literature of supervised learning. Different measures
have been presented in that area [31]. However, the
available measures are so complex to compute iteratively and especially for the case of reinforcement
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learning with incremental nature of learning. Setnes
et al. in [31] present four criteria for definition of
similarity measures and define a similarity measure
for rule base simplification. However, their proposed measure is too complex to apply in RL
algorithms.
In our case, since all of membership functions
are parametric (Gaussian with identified mean and
standard deviation), we provide a simple criterion
for computing the similarity between two rules. It
can be stated that two rules are similar if the
following criterion is satisfied for all mutual variables in the premise part of two rules:
i



s  sl   Tmean and σi  σl   Tsd
k
k
k
k
where, Tmean and Tsd are thresholds of merging
rules. If this criterion is satisfied, it is possible to
assume that the outputs of two rules are the same.
Then, they can be merged into to a single rule.
In supervised algorithms, in which a set of
paired data is available, after merging two rules
into a new one, the consequent part parameters of
new rule can be re-estimated using the same training data from which the original rule base was
identified. Unfortunately, since in the RL context
there is no training data set, this is not possible to
determine exactly the output of new merged rule.
Thus, after merging two rules into a new one,
simply, the parameter of the consequent part is
computed as average of parameters of previous
similar rules.

2.3.2 Parameter learning module
In parameter learning module, all of parameters of input and
then-part variables of fuzzy rules are optimized. Parameter
learning will be done through gradient descent method. If
b ðs; θÞ be a parametric function, then according to gradient
V
descent method and chain rule in differentiating, all parameters of a value function will simultaneously be tuned iteratively as follows:
1 @d 2
θtþ1 ¼ θt  at t
ð6Þ
2 @θt


where, θ ¼ θ1 ; . . . ; θn is the set of tunable parameters of
b ðs; θÞ , α is the learning rate, and δ is the TD error as
V
follows:
b ðstþ1 Þ  V
b ðst Þ
dt ¼ rðst ; p ðst Þ; stþ1 Þ  ρt þ V

ð7Þ
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Then considering TD error, each parameter of value
function is updated in each time step according to gradient
descent method as follows:
θitþ1 ¼ θit þ at

b ðst ; θt Þ
@
@V
2
i
i ½d t  ¼ θt þ at ½d t 
@θ
@θi

ð8Þ

A fuzzy rule-based function in the MISO form, as described in Section 2.1, is applied to approximate the value
function as follows:

Obtain the state xt at time t .
Determine the value of state using fuzzy value function (equation 10).
Select the action using the state value and based on greedy policy.
Let the state transit from xt to xt +1 . receive rt and compute the TD error
(equation 7).
5. Determine the degree of firing of each rule in the fuzzy value function.
6. Check whether new rule can be generated based on rule generation criterion.
7. Update the center of fuzzy membership functions from equation 11.
8. Update the standard deviation of fuzzy membership functions from equation
12.
9. Update the consequent parameter of fuzzy rules from equation 13.
10. Check whether any similar rules can be merged to a new unique rule based on
rule merging criterion.
11. Do the above steps until reaching stopping criterion.
1.
2.
3.
4.

Fig. 3 FFRL procedure
M
P

V ¼ f ðxÞ ¼

vi  wi ðxÞ

i¼1
M
P

ð9Þ

i¼1

where, vi s are the consequent parameters of each fuzzy rule.
This fuzzy value function can be easily shown as a linear
function as follows:
V ¼ f ðxÞ ¼

M
X

2.3.4 Some discussions on the FFRL

wi ðxÞ

vi 8 i

ð10Þ

i¼1

i

w
; wi ðxÞ ¼
where, 8i ¼ P
M
i
w

Qk 
i¼1


k
P
mfsij ðxÞ ; and
8i ¼ 1 .

The proposed algorithm simultaneously optimizes the
structure and parameters of fuzzy value function. As
mentioned in Table 1, in all of existing fuzzy RL
algorithms, the structure of the system is predetermined
and only the parameters of fuzzy rules, are optimized
via reinforcement signal. Considering the structurelearning module in FFRL, the proposed fuzzy RL algorithm has the following advantages over the existing
fuzzy RL algorithms:
&

i¼1

i¼1

In the proposed algorithm, the following parameters in
fuzzy rule-based function are tuned.
In the premise part of fuzzy rules mean Sji and standard
deviation σij Gaussian membership (according to Eq. 5)
functions are tuned as:
!
i

 xij;t  Sj;t
i
i
i i
i
Sj ;tþ1 ¼ Sj ;t þ at d t v 8 ðxt Þ 1  8 ðxt Þ
ð11Þ
i
Sj;t
and
σij;tþ1



i
xij;t  Sj;t

¼ σij;t þ at d t vi 8i ðxt Þ 1  8i ðxt Þ
3
σij;t


ð12Þ

Consequent parameters of fuzzy rules are updating as:
vitþ1 ¼ vit þ at d t 8i ðxt Þ

ð13Þ

where, 0≤αt ≤1.
2.3.3 Algorithm procedure
Based on the above analysis, the pseudo code of the proposed algorithm is summarized in the following iterative
procedure shown in Fig. 3.

&

Unlike existing fuzzy RL algorithms that are dependent
on prior knowledge of the domain experts to determine a
fuzzy rule-based system, in the proposed approach, it is
not required to determine fuzzy rules exactly. The domain experts only select the appropriate state variables
and the relation of each variable to the output variable.
Then, RL algorithm will optimize the structure of fuzzy
rules automatically. Therefore, during the learning
phase, it is possible to add new rules to the system or
merge those similar fuzzy rules to improve the efficiency
of algorithm.
One of the main characteristics of fuzzy rule-based
systems is their coverage over the state space [31].
This property is called the completeness of fuzzy
rule-based system. According to this property it is
necessary for any possible state of the system that
the degree of firing of at least one fuzzy rule in
fuzzy rule-based system becomes greater than a predefined threshold. On the other hand, suppose that
during the learning phase there is no structurelearning module. Then, in those states with little
degree of firing, according to Eqs. 11, 12, the RL
algorithm cannot adjust the parameters of the center
and the standard deviation of membership functions
in the direction to maximize the system coverage.
This can be shown as follows: since in these conðxi S i Þ
ditions, the value of j;t i 2 j;t in Eqs. 11 and 12 is
σj;t

very low, then regardless of other values, the amount
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&

of the parameter updates (right hand sides of
Eqs. 11 and 12) in these equations become very
small. Thus, by this method (gradient descent updating rule), the system cannot tune itself in order to
maximize its coverage in future states. In the proposed RL algorithm, the problem of full coverage is
solved via the structure-learning module, especially
through rule generation module. Therefore, the algorithm can improve the classical method of gradient
descent method and ensures the good coverage of
fuzzy rule-based system by generating new rules in
the above-mentioned conditions.
Since in each time step, similar fuzzy rules can be
merged to new unique fuzzy rules, then this rule reduction reduces the number of learning parameters and
consequently increase the efficiency of the algorithm
and reduces the complexity.

About the convergence of RL algorithms, it can be
said that one of the main drawbacks of RL algorithms
is that their convergence properties are difficult to establish. However, Tsitsiklis and Van Roy [32] proved
the convergence of that class of TD learning algorithm
with linear value functions. The two main conditions for
the convergence are:
1. Value function is linear according to their parameters
2. The Step size in gradient descent method are positive, nonincreasing and predetermined and satisfies the following
conditions:
1
P
k¼1

ak ¼ 1

and

1
P

a2 k  1

k¼1

It is sufficient to show that the proposed fuzzy RL
algorithm satisfies the above conditions. To satisfy the
first condition, it can be shown that under the following
conditions the fuzzy rule-based function is a linear
function:
1. The inference method in the fuzzy rule-based system is
TSK [29].
2. The consequent parameters of each fuzzy rule are constant numbers.
3. The t-norm is product.
4. Input membership functions are in the Gaussian form.
The fuzzy value function in the proposed RL algorithm
follows the above conditions. Then as it is shown in Eq. 10,
the fuzzy value function is a linear function.
To satisfy the second condition, one can set the learning
rate, αt 01/t. It is clear that this learning rate satisfies the
second condition of the convergence of the algorithm. Then,
the proposed algorithm, FFRL, theoretically will converge
to a local optimum with probability 1.
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3 Experiments
In this section, the proposed algorithm is applied to a specific problem of inventory control in supply chains, which
has been taken from the literature of inventory control in
supply chains [9].

3.1 Problem description
The model under consideration in this work is a two-stage
distribution-type supply chain consisting of one supplier and
multiple retailers. The supplier has a limited production capacity. Every retailer replenishes its stock from the supplier
and faces nonstationary customer demand. The demand that
cannot be met immediately at any retailer is treated as backlog.
For each retailer, transportation lead-time from the supplier is
assumed to have a fixed value. Vendor managed inventory
(VMI) model is used for the inventory replenishment of
retailers. VMI is a supply chain management process in which
retailers commit their inventory replenishment decisions to
supplier [33].
The goal of the agent is to minimize the average inventory cost of system including average over demand inventory holding cost and backlog cost for each retailer and
satisfying all of retailers according to the committed target
services.
The model of the proposed problem is shown in Fig. 4. The
Q(i,t) is the amount of material allocated to the retailer i at time
step t. D(i,t) is the real costumer demand of retailer i in time
step t, which is determined at the end of time step t.
The problem is placed in the category of dynamic resource allocation problem, in which an agent should determine the amount of a shared resource for each resource
consumption unit, considering resource constraint. The vendor tries to find optimal policy for allocation of his limited
resource according to the immediate and needs (state) of
each retailer.
In each time step, the supplier (inventory controller)
determines the utility of each retailer (the value of each
retailer) with respect to the reward (cost) function. Then,
she/he determines the replenishment quantity of each
Retailer
r1

D (1,t)

Q( 2,t)

r2

D (2,t)

Q(3
,t)

.
.
.

Q(1,t)

Supplier (Agent)

rn

Fig. 4 The proposed model of inventory control

D (n,t)
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retailer in order to minimize the average cost function,
subject to the limit of supply.
3.2 Agent-based solution framework
From the viewpoint of multiple criteria decision making
theory, for solving this problem it is sufficient to construct
a multi-attribute utility function in order to rank the retailers
according to their conditions in each time step. Then, the
order quantities will be computed based on the order replenishment policy and the computed utility (value) of the
retailers.
Since in this problem, the state of retailers are dynamic and the exact demand of each retailer is not determined (it can change stochastically in each time step), it
makes this problem hard to solve via analytical methods.
Kwon et al. [9] stated that the conventional approaches,
which are trying to find optimal solutions using mathematical methods, are not applicable for those problems
with nonstationary customer demand and capacitated
supply. They have developed a RL algorithm, called
Case-Based Myopic Reinforcement Learning (CMRL),
to solve this problem.
In this paper, we apply the proposed RL algorithm
(FFRL) to this problem in the context of dynamic utilitybased resource allocation [20, 34], which is in some
ways different to CMRL. In CMRL [9], only one variable (inventory position) represents the state space.
Kwon et al. discretize the state space via a Case-Based
Reasoning (CBR) method, and then they combine the
CBR with a discrete state-action space Q-learning algorithm. However, if the state space becomes a little more
complex (for example with two state variables), it seems
that in their algorithm, the procedure of matching perceived states with predefined cases and finding Q values
will become resource consuming. We construct, automatically, a fuzzy value function with more than one state
variable.
In the proposed approach, a fuzzy rule-based approach is
used to approximate the value function (utility function) of
each retailer. The action selection (determining the order
quantity) is simply done through a greedy fixed policy. In
other words, the supplier allocates more amounts of resources to those retailers that have higher utility. Since in the
proposed RL problem the action selection policy is fixed, it
is sufficient to take place learning on the state space only
and then, based on the state values, the fixed policy determines the action. Then, the fuzzy utility function is optimized through the proposed fuzzy RL algorithm to learn the
optimal value function of the retailer. It should be mentioned
that the proposed agent-based architecture to solve this
inventory control problem, is completely matched with the
architecture of FFRL, illustrated in Fig. 1.
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In each time step, if the total amount of orders exceeds
the supply capacity, all of orders are adjusted based on the
utilities of retailers in order to satisfy the capacity constraint.
The architecture of the proposed solution approach is
shown in Fig. 5.
The cost function of retailer consists of two main parts as
follows:
Cost ði; tÞ ¼ CI ðiÞ  maxf0; Qði; tÞ  Dði; tÞg

ð14Þ

þ CB ðiÞ  maxfo; Dði; tÞ  Qði; tÞg
where, CI(i) is the cost of over demand inventory for retailer
i and CB(i) is the cost of each unit of backlogged inventory
for that retailer. Since the total cost of production is fixed for
the supplier, we do not consider it in the cost function.
Supplier determines the Q(i,t) as the order amount for retailer i at time step t. D(i,t) is the real demand of retailer i
which is determined after time step t.
One of the most critical parts of this algorithm is the
selection of appropriate state variables. We have selected
two variables below to construct the value function:
&

&

EA(i,t): The Expected Average amount of required inventory for retailer i at time step t, which is a nonnegative number computing from difference between
average demand and the on hand inventory:

EAði; t Þ ¼ max 0; Dði; t Þ  OI ði; t Þ
ð15Þ
where, Dði; t Þ is the expected average demand of
retailer i for time step t and IO(i,t) is the on hand inventory
at the store of retailer i at the end of time step t−1
AB(i,t): The Average Backlog of retailer i during last
periods

We have selected these two variables to represent the
state space according to the nature of the cost function
(Eq. 14). The first variable, EA(i,t), considers the short
term and immediate costs (value) of the retailer while
the second variable, AB(i,t), average backlog, is a longterm indicator emphasizing on several strategic items. In
CMRL [9], the state variable is Inventory Position of
each retailer, in which both expected demand and the
backlog of the retailer are implied. However, in this
approach we separate these two variables according to
the following reasons:
&
&

Usually, the backlog cost is higher than inventory holding cost. Then, it is necessary to separate current demand
and the average backlog into two state variables.
In addition to the amount of backlogged inventory, this
variable indicates implicitly the number of times a retailer has encountered backlog during the time. This is a
strategic issue, since for example, in a competitive market, high amount and many times of backlog may cause
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Fig. 5 The architecture of the
proposed inventory
control solution
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that the retailer cancels his contract with the supplier.
Therefore, the supplier should prevent from the large
amount of backlog for retailers. From the view point of
Multi Agent System, this condition is similar to “arm
race” problem [20], in which the algorithm might converge to a completely unbalanced equilibrium that for
example one retailer usually has a large amount of
backlog. We add this variable to the value function to
have a separate effect on the value of the retailer to
prevent from long-term loss of income.
If the supplier does not reduce the backlog immediately, because the supply is capacitated, it is possible
that the supplier cannot fulfill that retailer anymore
and one can see that when a retailer is treated a
backlog, until the end time, he has inventory shortage
in each time step.

According to traditional equation of determining the
amount of inventory replenishment quantity, in order to
satisfy the demand to a predetermined target service, the
order can be determined as follows:

Figure 6 shows the structure of the proposed value function
visually:
As shown in Fig. 6, the two above-mentioned variables are the inputs of a fuzzy rule-based function, which
its output is the value of each retailer at each time step,
V(i,t).

ð17Þ

&

Fig. 6 The relationship
between different variables
in the inventory control
problem

Qði; tÞ ¼ EAði; tÞ þ Bði; t  1Þ þ l  k  σd ði; tÞ

ð16Þ

where, B(i,t−1) is the backlog of last period, and l is a
fixed coefficient related to committed target service. l is
a coefficient that under the assumption of normal distribution of demand can be determined according to
target service from standard statistical tables. σd (i,t) is
the standard deviation of demand for retailer i which is
updated in each time step.
k is the learning variable in [0,1] interval, which is
directly related to the value of the retailer as:
V ði; tÞ
k¼P
n
V ði; tÞ
i¼1

The agent controls the amount of order quantity in each
time step by this variable. If the total amount of order
quantities exceed the supply capacity (SC), then the Q(i,t)
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will be re-computed in order to total order amounts become
less than supply capacity. Finally, the order quantities are
determined as follows:
b tÞ ¼ EAði; tÞ þ Bði; t  1Þ þ l  k  σd ði; tÞ
Qði;
 maxfðSC 

n
X

Qði; tÞÞ; 0g  k

ð18Þ

i¼1

At the end of each time step, the total cost of each retailer
will be determined based on equation (14), new state of
system is obtained and then the fuzzy value function will
be updated as described in section 2.3.
This procedure will be iterated until to reach to a prespecified condition in simulation algorithm.
The next section illustrates the numerical example of this
problem and compares the results of FFRL with CMRL [9].
3.3 Implementation of FFRL to the problem
The proposed algorithm provides a new logical capability
for learning both the structure and parameters of the value
function. Thus, our contribution is comprehensive, rather
than just algorithm efficiency. However, in this part, we
have used one of the test cases, which have been presented
in [9]. This case can be defined as follows:
There is one supplier and four retailers. The customer
demand of retailer i follows a normal distribution, N ðμi ;
σ2i Þ but its mean (μi) is changed with time (test case DT2
in [9]).
All initial values of μi (i01, 2, 3, and 4) are set to 50. The
standard deviation (σi) of customer demand is computed by
the multiplication of μi and Coefficient of Variation (CV)
where it is set to 0.2. Target service level for each retailer is
equally set to 95 %. The Supply Capacity (SC) is 200/
period. The transportation lead-time is assumed to be L0v1.
According to this test case, we determine the other parameters
as follows:

Fig. 7 Initial fuzzy membership functions for variable EA

Moreover, according to the correlation of each variable to
the value of that state we have derived four initial rules.
These rules lead to construction of a zero order fuzzy TSK
system [29]. The structure of the initial four fuzzy rules is as
follows:
1.
2.
3.
4.

If
If
If
If

EA
EA
EA
EA

is
is
is
is

ea1
ea2
ea1
ea2

and AB
and AB
and AB
and AB

is
is
is
is

ab1
ab1
ab2
ab2

Then retailer-value
Then retailer-value
Then retailer-value
Then retailer-value

v1
v2
v3
v4

where, V0[v1,v2,v3,v4] is the initial set of the consequent
parameters of initial fuzzy rules. The initial values of consequent parameters are set as follows:
V0 ¼ ½:1; :4; :6; 1
Figure 9 shows the surface of initial fuzzy value
function. It can be shown that according to above four
initial fuzzy rules, the state space is partitioned to four

CI ðiÞ ¼ 3 forði ¼ 1; ::; 4Þ
CB ðiÞ ¼ 5 forði ¼ 1; ::; 4Þ
We set the domain of the state variables as follows
(regarding average demand, Dði; tÞ ¼ 50 and some simulation results):
EAði; tÞ ¼ ½0; 80
ABði; tÞ ¼ ½0; 100
Domain of each variable is initially partitioned to two
fuzzy functions as shown in Figs. 7 and 8:

is
is
is
is

Fig. 8 Initial fuzzy membership functions for variable AB
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Fig. 9 Initial retailer-value
function estimate for inventory
control problem with two state
variables, EA and AB

partitions. The proposed RL algorithm, automatically,
changes the initial partition of the space toward more
coverage on the state space and better value function
approximator.
During the learning period according to described procedure in Section 2.3, all parameters are tuned and two new
rules are added to the system.
Two new fuzzy rules are constructed based on the two
new fuzzy partitions. The final partitions of each fuzzy
variable are illustrated in Figs. 10 and 11.
According to these two fuzzy membership functions, the
final fuzzy rule-based system is as follows:

4. If EA is ea2 and AB is ab2 Then retailer-value is v4
5. If EA is ea3 and AB is ab3 Then retailer-value is v5
6. If EA is ea4 and AB is ab4 Then retailer-value is v6
Final values of then-part parameters are as follows:
V0 ¼ ½:06; :42; :55; :95; :48; :61

1. If EA is ea1 and AB is ab1 Then retailer-value is v1
2. If EA is ea2 and AB is ab1 Then retailer-value is v2
3. If EA is ea1 and AB is ab2 Then retailer-value is v3

Figure 12 illustrates successive value function approximations for inventory control problems, with evolving
space partitioning during the time. It starts with four
initial fuzzy rules and reaches to six fuzzy rules with
optimal parameters.
According to procedure of the FFRL, it is necessary that
initially simulate the system with initial set up for 10,000
iterations including 20 traces with 500 time steps in each
trace, to compute the average cost of system, ρ (Eq. 3).

Fig. 10 Final fuzzy membership functions for variable EA

Fig. 11 Final fuzzy membership functions for variable AB
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Fig. 12 Successive value
function approximations for
inventory control problems

According to [24], it is better to separate the learning of the
premise and consequent parameters into two different
phases. Then, after the first phase, we have conducted
10000 iterations for premise parameters learning (including
the mean and standard deviation of fuzzy membership functions) while the consequent parameters are fixed. In the third
phase, only the consequent parameters are tuned toward
minimization of TD error. Note that structure-learning module is active in both second and third phases of learning.
Initial average cost of system is 24.2601. Optimal average
cost of system becomes 13.391 with standard deviation of
1.4397.
Since the objective of function in [9] is to optimize average
target service level, for the sake of comparison, we compute
the realized service level after each time step. Table 2 compares our optimal service level with the results of the same
problem with CMRL algorithm.
As it is shown, our results are promising comparing to the
results of CMRL.

Table 2 Average performance of the FFRL
Algorithm

FFRL
CMRL

Average service level

Standard deviation
of service level

94.95
93.75

1.26
1.30

4 Conclusions and future works
In this paper, we analyzed the existing fuzzy RL algorithms.
As a result of this investigation, we developed a new FFRL
algorithm, in which, both structure and parameters of fuzzy
value function are optimized through reinforcement signal,
automatically. The proposed fuzzy RL algorithm has several
advantages over the existing fuzzy RL. It reduces the dependencies of the algorithm to the domain expert, while the
fuzzy rules, unlike black box architecture of neural networkbased method, are transparent and interpretable. Moreover,
we showed that, the proposed algorithm with its structurelearning capability, as a new capability, improves the classical gradient descent method in RL.
We applied the proposed algorithm to the problem of
inventory control in supply chains. In this case, new customized agent-based architecture for the inventory control problem based on dynamic utility-based resource allocation
paradigm is developed. Next, the proposed FFRL algorithm
is applied to this context. Experimental results show promising results comparing to the other RL algorithms.
As a future research, since the architecture of the proposed algorithm is generic, it is possible to customize it for
different complex control problems with complex state
spaces, in which there is not sufficient prior knowledge to
construct the structure of fuzzy rule-based systems initially.
Moreover, it is possible to assign a weighting variable to
each fuzzy rule (different from the degree of firing) and tune
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the weight of each fuzzy rule-based on gradient descent
method. Since in existing fuzzy rule-based systems it is
usually assumed that all of fuzzy rules have the same weight
in the structure of fuzzy system, this point of view for
weighting can provide a new dimension in the learning
vector of fuzzy value functions. Another promising idea,
which may lead to faster convergence, is that in each time
step of gradient descent algorithm, only those fuzzy rules
with high degree of firing update their parameters. This idea
can better avoid algorithm from interference phenomenon
[22]. As a main drawback of RL algorithms in practice is
their large amount of meta-parameters. Therefore, calibration or meta-parameter learning in RL can be an interesting
research area.
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